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We study the vacuum fluctuations of a massless scalar field Ψˆ on the background of a global
monopole. Due to the nontrivial topology of the global monopole spacetime, characterized by a solid
deficit angle parametrized by η2, we expect that
〈
Ψˆ2
〉
ren
and
〈
Tˆµν
〉
ren
are nonzero and proportional
to η2, so that they annul in the Minkowski limit η → 0. However, due to the naked singularity at
the monopole core, the evolution of the scalar field is not unique. In fact, they are in one to one
correspondence with the boundary conditions which turn into self-adjoint the spatial part of the
wave operator. We show that only Dirichlet boundary condition corresponds to our expectations
and gives zero contribution to the vacuum fluctuations in Minkowski limit. All other boundary
conditions give nonzero contributions in this limit due to the nontrivial interaction between the field
and the singularity.
I. INTRODUCTION
Grand Unified Theories (GUT) predict spontaneous
symmetry breaking of matter fields during phase tran-
sitions in the early universe. As a result, topolog-
ical defects might appear in the spacetime manifold,
namely Cosmic Strings, Domains Walls and Global
Monopoles [1]. Global monopoles arise when a global
O(3) symmetry of a triplet scalar field φa (a = 1, 2, 3) is
spontaneously broken to U(1) in the Lagrangian,
L = −1
2
gµν∂µφ
a∂νφ
a − λ
4
(φaφa − η20)2. (1)
The fields assume a “hedgehog” configuration,
φa = η0f(r)
xa
r
, (2)
for xaxa = r2, with f(r) vanishing as r approaches 0 and
tending to 1 for r much bigger than a typical value rc ∼
(
√
λη0)
−1. For r ≫ rc, the only nonzero components of
the energy-momentum tensor are
T tt = T
r
r = η
2
0/r
2, (3)
which leads to a linearly divergent energy.
Furthermore, for typical GUT scales (η0 ∼ 1016GeV ),
the energy density is extremely high, thus one might
expect gravitational effects around the monopole. Ac-
cordingly, Einstein’s and field equations for a spherically
symmetric solution yield the global monopole spacetime
metric given by
ds2 = −B(r)dt2 +A(r)dr2 + r2dΩ2, (4)
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with Schwarzschild-like coefficients [2]
B(r) = A−1(r) = 1− η2 − 2GMc
r
, (5)
where η ≡ √8πGη0 and Mc ≈ −6πη0λ−1/2 [3].
We can see from the metric described by (4) that the
global monopole spacetime can be treated as a highly
massive core centered at the origin with characteristic
radius rc, plus a spherically symmetric spacetime with
deficit solid angle. Far from the core, the metric (4) can
be approximated by
ds2 = −α2dt2 + α−2dr2 + r2dΩ2, (6)
where α2 ≡ 1 − η2 and 0 < α < 1. The space-
time described by (6) is curved and has scalar curvature
R(x) = 2η2/r2. Physically acceptable values for η2 lie
around the GUT scale, which predicts η2 ∼ 10−5; thus,
a very small curvature. Despite the Schwarzschild-like
coefficients in the metric element (4), there is no event
horizon since the monopole’s mass MC is negative. Not
only the metric coefficient B(r) diverges at r = 0 but
also other geometrical quantities, e.g., the scalar curva-
ture (which scales as r−2). Therefore, another relevant
feature of the global monopole spacetime is the presence
of a naked singularity at r = 0.
We expect that fluctuations will appear on the ex-
pectation values of quantum fields due to the curvature
of the spacetime. Indeed, Mazzitelli and Lousto found
them in [4], where they obtained that the vacuum expec-
tation values of the field squared 〈Ψˆ2〉 and the energy-
momentum tensor 〈Tˆµν〉 both fluctuate in order η2. How-
ever, care must be taken when studying semiclassical ef-
fects in spacetimes having naked singularities, which is
the case for the global monopole. In such spacetimes,
the dynamics of the fields is not uniquely defined by ini-
tial conditions, and this represents a serious difficulty in
the field quantization. In a practical sense, one may not
2be able to solve the Klein-Gordon equation,
(−x +M2 + ξR(x))Ψ = 0, (7)
and find a complete set of positive energy eigenfunctions
defined through the whole history of the spacetime; which
jeopardizes any attempt of quantizing the field operator
at all times in terms of positive energy modes and anni-
hilation/creation operators.
However, Wald and Ishibashi [5, 6] proposed a sensible
dynamical description of the field by means of the im-
position of boundary conditions at the spacetime singu-
larity. This procedure allows us to consistently quantize
scalar fields in the global monopole spacetimes, which,
as already discussed, has a naked singularity. In this pa-
per we will study quantum fields on the idealized global
monopole spacetime given by the metric (6). The bound-
ary conditions will model, somehow, the interaction of
the field with the monopole core, which will be responsi-
ble for the appearance of interesting physical effects.
We organized this article as follows. In Sec. II, we
will show how to consistently prescribe the dynamics of
massless scalar fields in spacetimes with naked singular-
ities. In particular, we intend to briefly discuss the pro-
cedure behind it and how the prescription of boundary
conditions at the spacetime singularity will help us on
our goal. Considering the appropriate boundary condi-
tions, we will find a complete set of eigenfunctions for the
Klein-Gordon operator in two cases of coupling with the
curvature, namely minimal and conformal. Our choice
for the coupling constant was merely for simplicity. As
will be discussed later, the results found here remain valid
within a certain range of positive values of the constant.
For those outside this range, a more detailed discussion
is required, and we leave it for future studies. With
the eigenfunctions in hand, we will find the Euclidean
Green’s function and, from them, the quadratic vacuum
expectation value of the field in Sec. III. We point out the
contributions coming strictly from the boundary condi-
tions, and we found its effects on the 00−th component
of the energy-momentum tensor in Sec. IV. Section V is
devoted to our final remarks.
II. KLEIN-GORDON EQUATION AND NAKED
SINGULARITIES
As firstly proposed by Penrose in 1969 [7], gravitational
collapse may always produce “covered” singularities, i.e.,
no naked singularities are allowed in nature. This state-
ment became known as Cosmic Censorship Conjecture
and was extensively developed and improved (see [8]).
Whether naked singularities exist or not is still an open
question, but one might ask if quantum effects in General
Relativity could sustain the Conjecture, or even provide
some kind of “cosmic censor”. In the absence of a well-
established theory of quantum gravity, one may refer to
the foundations of semiclassical gravity in order to shed
some light on those topics [9]. On the other hand, in
spacetimes where naked singularities exist, it might not
always be possible to consistently describe the evolution
of quantum fields, which would inhibit any semiclassical
approach. This pitfall may be overcome by the prescrip-
tion of boundary conditions for the equation of motion
at the spacetime singularity, i.e., imposing “by hand” the
interaction between the fields and the classical singular-
ity.
A. Non-Globally Hyperbolic static spacetimes
In globally hyperbolic spacetimes, the dynamics arising
from the Cauchy problem for well-posed initial conditions
is uniquely defined at all times. Conversely, this is not
true in non-globally hyperbolic spacetimes, such as those
containing a naked singularity. Classical test particles
following geodesics may have their trajectory interrupted
at the singularity, and the future of these particles may be
compromised. Thus, one may find difficulties in studying
the propagation of scalar fields in the background of non-
globally hyperbolic spacetimes.
If the spacetime is also static, it can be shown that
Eq. (7) reduces to
∂2Ψ
∂t2
= −AΨ, (8)
where A := −V Di(V Diφ) + M2V 2 + ξRV 2 and V 2 =
−χµχµ, where χµ are the timelike Killing fields of the
spacetime. Wald argues in [5] that A can be seen as a
strictly spatial differential operator acting on a Hilbert
space defined over a static spatial slice Σ. Our ignorance
on what happens at the singularity may be solved if we
consider the domain of A to be C∞0 (Σ). But even though
the operator (A,C∞0 (Σ)) is symmetric, it might not be
self-adjoint. It can be shown, however, that it might
admit a unique self-adjoint extension AE or an infinite
set of them [10].
As showed in [5], given initial conditions (Ψ0, Ψ˙0) ∈
C∞(Σ)×C∞(Σ), the solution to Eq. (8) for any t ∈ R is
Ψt = cos(A
1/2
E t)Ψ0 +A
−1/2
E sin(A
1/2
E t)Ψ˙0. (9)
The dynamics associated to Eq. (9) is unique if A is
essentially self-adjoint, i.e., only one extension exists
(Friedrichs extension). Nonequivalent dynamics arise
from Eq. (9) when the operator has infinitely many self-
adjoint extensions AE . To each extension, there can be
associated a boundary condition at the classical singular-
ity, labeled by the parameter E. Nevertheless, Wald and
Ishibashi showed in [6] that it is possible to construct a
physically sensible evolution of the fields in non-globally
hyperbolic spacetimes using Eq. (9). We will discuss in
Sec. II B how this considerations can be adopted in the
case of the global monopole spacetime.
3B. Boundary Conditions and solutions to KG
equation
On the process of extending the domain of the operator
A to make it self-adjoint, one will find out the need of pre-
scribing boundary conditions at the spacetime singular-
ity, corresponding to each extension found. Indeed, many
authors have considered these boundary conditions on
the study of quantum fields propagating in non-globally
hyperbolic spacetimes(see [11–14]). In [15], the authors
treated the particular case of the global monopole using
Robin boundary conditions, found in [16]. We calculated
the scattering pattern of massless scalar waves and, as
expected, the parameter of the boundary conditions en-
dured throughout the whole process. Direct effects ap-
peared in the differential cross section so that one could
predict which boundary condition is the one chosen by
nature comparing it to experimental scattering data, if
available. The parameter also influenced the stability of
the spacetime, since for some particular values of it there
exist bound states with divergent growth in time.
In [15], we only studied minimally coupled massless
scalar fields (ξ = 0) in the global monopole. Now, we in-
tend to extend the analysis to conformally coupled mass-
less scalar fields (ξ = 1/6) as well. To consistently do it,
we must analyze Klein-Gordon equation to find the ap-
propriate boundary conditions. Eq. (7) can be solved in
spherical coordinates under separation of variables, i.e.,
Ψ(x) = e−iωtY ml (θ, ϕ)R(r), and it reduces to
− α2
(
− d
2
dr2
+
ν2ℓ − 1/4
r2
)
u(r) = −ω
2
α2
u(r), (10)
for u(r) = rR(r) and νℓ =
1
2
√
1 + 4ℓ(ℓ+1)α2 + 8ξ
η2
α2 . Sepa-
ration of variables simplifies the three-dimensional spatial
differential operator to one depending on the radial co-
ordinate. Thus, our problem reduces to an analog study
of the well-known Calogero problem on the semiaxis in
Quantum Mechanics [17–19]. In [20], the authors study
in detail the self-adjoint extensions of the Calogero op-
erator (AC = −d2/dr2 + ar−2 in L2(R+)) and develop
its spectral analysis. They discuss the conditions on a so
that AC is self-adjoint or not. In our case, we identify
a ≡ ν2ℓ − 1/4 and two of the cases treated in [20] will be
relevant, namely a ≥ 3/4 and −1/4 < a < 3/4. We will
briefly discuss each of these cases and then apply them
for minimally and conformally fields to find the solutions
to Eq. (10).
a. For a ≥ 3/4 the operator AC defined over the
domain C∞0 (R
+) is essentially self-adjoint, i.e., AC = A
†
C
and D(AC) = D(A†C), and no boundary conditions are
necessary. This condition requires ν2ℓ ≥ 1, which implies
in ℓ ≥ 1 for both cases: ξ = 0 and ξ = 1/6. Thus,
all non spherically symmetric modes (ℓ 6= 0) will interact
trivially with the singularity at r = 0. The eigenfunctions
of the operator AC with eigenvalues p
2 > 0 will then be
uℓ,p(r) =
√
pr
2
Jνℓ(pr), (11)
where Jν are Bessel functions of order ν.
b. For −1/4 < a < 3/4 the operator AC defined
over the domain C∞0 (R
+) is not self-adjoint but it ad-
mits a one-parameter U(1)-family of self-adjoint exten-
sions ACβ labeled by a real parameter β. This case re-
quires the prescription of boundary conditions at r = 0
and that 0 < ν2ℓ < 1. Minimally coupled fields, as well
as conformally coupled ones, will only feel the effects of
the boundary conditions through their spherically sym-
metric modes (since 0 < ν2ℓ < 1 ⇒ ℓ = 0, for ξ = 0 and
ξ = 1/6). This conclusion endures as long as ξ is positive
and much smaller than 1/η2. For some negative values of
ξ, the inequality may not hold only for ℓ = 0, thus other
modes (ℓ = 1, 2, . . . ) might need boundary conditions as
well. The solutions must satisfy the following asymptotic
boundary conditions near r = 0
uβ(r) ∼
{N [r1/2+ν0 + βr1/2−ν0] , |β| <∞;
N [r1/2−ν0] , |β| =∞. (12)
The eigenvalue p2 will only be positive for β ≥ 0, and the
associated eigenfunctions will be
u0,p,β(r) =
√
pr
2
Jν0(pr) + γ(β, p)J−ν0(pr)√
1 + 2 cos(πν0)γ(β, p) + γ(β, p)2
,
(13)
where1
γ(β, p) = β
Γ(1− ν0)
Γ(1 + ν0)
(
p
2p0
)2ν0
. (14)
Bound states appear as one considers negatives values
of β. We are interested in the continuous spectrum of
the fields, hence only non-negative values of β will be
considered on what follows2. In the case ξ = 0, conditions
(12) are equivalent to Robin boundary conditions and, in
accordance with [16], the eigenfunction reduces to
uξ=00,p,β(r) =
√
pr
2
J1/2(pr) + βpJ−1/2(pr)√
1 + (βp)2
. (15)
For ξ = 1/6, it suffices to apply ν0 =
1
2
√
1 + 4η
2
3α2 on (13).
Upon the discussion done so far, we can establish a
complete set of positive energy eigenfunctions f ξλ,ℓ,m(x)
to the Klein-Gordon operator (−+ξR) with eigenvalues
λ2 = −ω2/α2 + p2α2, namely
f ξλ,ℓ,m(x) =
e−iωt√
2πr
{
1√
4π
uξ0,p,β(r) for ℓ = 0;
Y ml (θ, ϕ)u
ξ
ℓ,p(r) for ℓ > 0.
(16)
1 The momentum parameter p0 was introduced to make γ(β, p)
dimensionless. From now on, we will set it to one.
2 We are also interested in the stable case, so that β ≥ 0 (see [15]).
4A completeness relation is naturally available to them,
i.e.,
δ4(x, x′)√−g =
∫
λ
∑
ℓ,m
fλ,ℓ,m(x)f
∗
λ,ℓ,m(x
′). (17)
With these in hand, we can follow the procedure of quan-
tization of fields. The scalar field Ψ will be promoted to
an operator Ψˆ defined as an expansion in terms of annihi-
lation (a(p)) and creation (a†(p)) operators satisfying the
canonical commutation relations. These operators will
be weighted by the positive energy modes of the Klein-
Gordon equation. In the next section, we will find the
vacuum expectation value of some quantities depending
on the field operator.
III. GREEN’S FUNCTIONS AND 〈Ψˆ2〉
Green’s functions are fundamental to the computations
of many quantities in Quantum Field Theory, such as
scattering cross-section, decay rates, and the vacuum ex-
pectation value (v.e.v.) of the energy-momentum ten-
sor. The latter is of particular interest for us, since it
plays a relevant role in General Relativity and, notably,
gives rise to semiclassical effects in gravity. As already
indicated by QFT in flat spacetimes results, computa-
tions involving quadratic mean values of the field oper-
ator are expected to have divergences all over the way.
In curved spacetimes, the situation is no different, and
it can be even worst. That is why renormalization pro-
cedures are necessary to obtain quantities such as the
v.e.v. of the energy-momentum tensor. In particular, a
widely applied method is the point-splitting renormaliza-
tion scheme (see [9]). In [4], the authors use this tech-
nique to obtain the renormalized quadratic mean value
〈Ψˆ2〉. To do so, they take a coincidence limit on the po-
sitions of the renormalized Green’s functions, as follows
〈Ψˆ2(x)〉 = 1
2
G(1)(x, x) = iGF (x, x) = GE(x, x), (18)
where G(x, x) indicates a formal limit x′ → x onG(x, x′).
For convenience, Mazzitelli and Lousto follow the com-
putation using the Euclidean Green’s function, GE(x, x
′).
For what they use the euclideanized metric of the global
monopole, which is
ds2 = α2dτ2 + α−2dr2 + r2(dθ2 + sin2 θdϕ2). (19)
The Klein-Gordon operator will now have eigenvalues
λ2 = ω2/α2 + p2α2 associated with the same eigenfunc-
tions f ξλ,ℓ,m(xE) (under the interchange t→ τ).
To evaluate the Green’s function, we can use the
Schwinger’s integral representation
GE(x, x
′) =
∫ ∞
0
ds exp[−s(−+ ξR)]δ
4(x, x′)√−g , (20)
which, using Eq. (17), can be expressed in terms of the
eigenfunctions, as follows
GE(x, x
′) =
∫ ∞
0
ds
∫ +∞
−∞
dω
∫ ∞
0
dp e−sλ
2
×
∑
ℓ,m
fλ,ℓ,m(x)f
∗
λ,ℓ,m(x
′) (21)
Because the boundary conditions we considered affect
only spherically symmetric modes, we expect that, ex-
cept by the term ℓ = 0 in the sum, the Green’s func-
tion remains the same as the one found in [4]. Thus, it
seems reasonable to separate it into two parts, one con-
taining contributions from the boundary condition pa-
rameter (GβE), and the other equal to the one found by
Mazzitelli and Lousto (GMLE ). We then have
GE(x, x
′) = GβE(x, x
′) +GMLE (x, x
′), (22)
where
GMLE (x, x
′) =
∫ ∞
0
ds
∫ +∞
−∞
dω
∫ ∞
0
dp p e−sλ
2
× e
−iω(τ−τ ′)
2π
√
rr′
∑
ℓ,m
Y mℓ (θ, ϕ)Y
m∗
ℓ (θ
′, ϕ′)Jνℓ(pr)Jνℓ (pr
′),
(23)
and3
GβE(x, x
′) =
∫ ∞
0
ds
∫ +∞
−∞
dω
∫ ∞
0
dp p
e−iω(τ−τ
′)
2π
√
rr′
e−sλ
2
4π
×
[
(Jν0 (pr) + γ(β, p)J−ν0(pr))(Jν0 (pr
′) + γ(β, p)J−ν0(pr
′))
1 + 2γ(β, p) cosπν0 + γ2(β, p)
− Jν0(pr)Jν0 (pr′)
]
. (24)
3 The last term subtracted in Eq. (24) was added to Eq. (23) in order to complete the sum in ℓ from 0 to ∞.
5It is easy to see that the contribution GβE(x, x
′) vanishes
as β goes to zero, and our the Green’s function recov-
ers identically the one from [4]. We will then need to
compute onlyGβE(x, x
′) in both cases of the coupling con-
stant. Integration over ω and s can be directly performed
to give
GβE(x, x
′) =
∫ ∞
0
dp
e−α
2p(τ−τ ′)
8π
√
rr′
[
(Jν0 (pr) + γ(β, p)J−ν0(pr))(Jν0 (pr
′) + γ(β, p)J−ν0(pr
′))
1 + 2γ(β, p) cosπν0 + γ2(β, p)
− Jν0(pr)Jν0 (pr′)
]
. (25)
We are interested in the effects appearing as conse-
quence of the spacetime curvature, which, as discussed
previously, scales with a factor η2 ≪ 1. As found in [4],
the fluctuations begin to appear only in first order of η2
or higher. In comparison, we will expand our Green’s
function in powers of η2 as follows
GβE(x, x
′) = GβE,0(x, x
′) + η2GβE,2(x, x
′) +O(η4), (26)
so we will be able to separate which contributions appear
in each order.
A. Minimally coupled field
For ξ = 0, we have ν0 = 1/2 and γ(β, p) = βp, and
after integrating the expression above in p, we get to the
following result
GβE(τ, τ
′, r, r′) = − i
16π2rr′
×
{
eℵ˜β
[
−2iCi
(
−iℵ˜β
)
− 2Si
(
−iℵ˜β
)
+ π
]
−eℵ˜∗β
[
2iCi
(
iℵ˜∗β
)
− 2Si
(
iℵ˜∗β
)
+ π
]}
, (27)
where
ℵ˜β ≡ ℵ˜β(τ, τ ′, r, r′) = (r + r
′) + i(1− η2)(τ − τ ′)
β
, (28)
and Ci (Si) is the cosine (sine) integral function. The
expansion in powers of η2 yields
GβE,0(τ, τ
′, r, r′) = − i
16π2rr′
× {eℵβ [2iCi (iℵβ) + 2Si (−iℵβ) + π]
−eℵ∗β [2iCi (iℵ∗β)− 2Si (iℵ∗β)+ π]} , (29)
and
GβE,2(τ, τ
′, r, r′) = − (τ − τ
′)
16π2rr′β
× {eℵβ [2iCi (iℵβ) + 2Si (iℵβ) + π]
−eℵ∗β [2iCi (iℵ∗β)− 2Si (iℵ∗β)+ π]− 2iℵβ − ℵ∗βℵβℵ∗β
}
,
(30)
where
ℵβ ≡ ℵβ(τ, τ ′, r, r′) = (r + r
′) + i(τ − τ ′)
β
. (31)
Taking the coincidence limit of the coordinates on
GβE(x, x
′) we have the contribution to the quadratic mean
value of the field, which added to the one found in [4] re-
turns the total value up to first order in η2, i.e.,
〈Ψˆ2〉ξ=0 ≡ 〈Ψˆ2〉ML + 〈Ψˆ2〉β
= − 1
4π2r2
{
η2
[
p
2
√
2
− 1
6
logµr
]
+ e
2r
β Ei
(
−2r
β
)}
,
(32)
where p = −0.39, µ is a mass scale introduced by Mazz-
itelli and Lousto in the renormalization procedure, and
Ei is the exponential integral function. What is inter-
esting about the mean value (32) is the appearance of a
contribution in zeroth order of η2 due exclusively to the
boundary conditions at the singularity. In fact, it is di-
rect to check that the new term we obtained vanishes as
we take the limit β → 0. Moreover, the first order term
of our Green’s function GβE,2 vanishes in the coincidence
limit, so no contributions from the boundary conditions
on the quadratic mean value can appear in order η2.
B. Conformally coupled field
In the case ξ = 1/6, we must take ν0 =
1
2
√
1 + 4η
2
3α2
and apply it in Eq. (25). Integration, however, becomes
impractical to be done analytically, hence we will directly
compute the series coefficients in (26). After expanding
the argument inside the integral in Eq. (25) in powers of
η2 and evaluating the integral to the first coefficient, we
have
GβE,0(τ, τ
′, r, r′) = − i
16π2rr′
× {eℵβ [−2iCi (−iℵβ) + 2iShi (ℵβ) + π]
−eℵ∗β [2iCi (iℵ∗β)− 2iShi (iℵ∗β)+ π]} , (33)
where Shi is the hyperbolic sine integral function. We
were not able to evaluate analytically the first order term
GβE,2.
6Again the coincidence limit of the coordinates can be
taken to obtain the quadratic mean value of the field,
which to the lowest order of η2 will be
〈Ψˆ2〉ξ=1/6 = − 1
4π2r2
e
2r
β Ei
(
−2r
β
)
+O(η2). (34)
Like in the minimally coupled case, a contribution ap-
pears in order O(η0). In particular, 〈Ψˆ2〉ξ=1/6 and
〈Ψˆ2〉ξ=0 are identical in the lowest order of η2, which in-
dicates a fluctuation independent of the curvature. Fur-
thermore, for all values of the coupling constant within
the range 0 ≤ ξ ≪ 1/η2, the contribution in order O(η0)
remains the same as in Eq. (34).
IV. CONTRIBUTIONS TO 〈Tˆµν〉
One of the most relevant quantities in semiclassical ap-
proaches to gravity is the energy-momentum tensor of the
quantum fields propagating over the classical background
of General Relativity. In this context, the computation of
the energy-momentum tensor demands renormalization
procedures to be followed. As discussed in [9], the renor-
malized v.e.v. of the energy-momentum tensor, 〈Tˆµν〉,
can be calculated in terms of the renormalized Green’s
function, as follows
〈Tˆ νµ (x)〉ren = limx′→x
(D νµ (x, x′)Gren(x, x′)) , (35)
where Dµν(x, x′) is a non-local differential operator. One
can find it by constructing the operator Tˆµν from the La-
grangian density of a scalar field and taking its expecta-
tion value w.r.t. a vacuum state [9].
The computation of this quantity can be highly non
trivial since it is locally defined and we are operating
over non-local objects (Green’s functions) to obtain it.
For instance, what Mazzitalli and Lousto do in [4] is to
not explicitly calculate 〈Tˆµν〉, but to use symmetry ar-
guments and intrinsic properties of the definition of the
tensor to at least find its form, which is
〈Tˆ νµ (x)〉
ML
ren
=
1
16π2r4
[
A νµ (ξ, η
2) +B νµ (ξ, η
2) log(µr)
]
,
(36)
where A νµ and B
ν
µ are both tensors with numerical com-
ponents depending on the coupling constant ξ in order
O(η2). The authors obtain explicitly only B νµ as a con-
sequence of the renormalization procedure. To find A νµ
it would be necessary to compute at least one of the com-
ponents of 〈Tˆ νµ 〉
ML
ren
and to know its trace.
We are interested in the contributions to 〈Tˆ νµ 〉ren aris-
ing from the boundary conditions we have prescribed.
In particular, we will compute the contributions to 〈Tˆ tt 〉
which represents the energy density of the fields gravi-
tating around the Monopole. To do so, we followed di-
rect differentiation of the Green’s function using Eq. (35).
The functional form of the operatorD tt (x, x′) depends on
the coupling parameter ξ, hence we will consider the min-
imally and conformally coupled cases separately. Only
ℓ = 0 modes are influenced by the boundary conditions,
its spherical symmetry implies the Green’s function and,
accordingly, the differential operator will depend only on
τ (τ ′) and r (r′). As we showed in Sec. III, in both cases
the Green’s functions are finite so no further renormal-
ization procedures must be followed.
A. Minimally coupled field
The differential operator in this case will be
D tt (x, x′) = −
1
2
(
α−2
∂2
∂τ2
+ α2
∂2
∂r∂r′
)
(37)
and we must apply it on the Euclidean Green’s func-
tion in Eq. (27). After that, we take the coincidence
limit, which leads to the 00−th component of the energy-
momentum tensor (energy density)
〈Tˆ tt (x)〉
ξ=0
β = −
1− η2
8π2r4
[
1 + e
2r
β
(
2r
β
− 1
)
Ei
(
−2r
β
)]
.
(38)
Again, in the limit β → 0 the energy density vanishes,
and the whole contribution will come from the Dirich-
let boundary condition term, 〈Tˆ νµ (x)〉
ML
ren
. On the other
hand, for the Neumann boundary condition (β → ∞),
the energy density diverges negatively to infinity, i.e.,
〈Tˆ tt (x)〉
ξ=0
β → −∞.
B. Conformally coupled field
In this case, the differential operator will be as follows
D tt (x, x′) = −
1
6
(
5α−2
∂2
∂τ2
+ α2
∂2
∂r∂r′
+
η2
3r2
)
. (39)
As we only have available the Green’s function in zeroth
order for the conformally coupled field, we will follow
the same procedure as before, i.e., to expand the energy-
momentum tensor in a series of η2. We will compute here
only the contribution to the energy-momentum tensor in
the lowest order of η2 applying the differential operator
over the Euclidean Green’s function in Eq. (33), which
yields
〈Tˆ tt (x)〉
ξ=1/6
β = −
1
8π2r4
[
2r
3β
+
e
2r
β
3
(
4r2
β2
+
2r
β
− 1
)
Ei
(
−2r
β
)]
+O(η2). (40)
Similarly to the minimally coupled case, Dirichlet bound-
ary condition leads to a vanishing contribution, and the
7Neumann one contibutes with a negatively divergent en-
ergy density.
V. FINAL REMARKS
The global monopole spacetime is characterized by a
solid deficit angle proportional to η2. This is responsible
for the emergence of a naked singularity and the appear-
ance of a strong curvature which is also proportional to
η2. As a matter of fact, we should expect only physical
effects proportional to η2 to appear.
In this paper, however, we found that the nontrivial
interaction between the quantum field and the classical
singularity may bring contributions to the vacuum fluctu-
ations which do not disappear in the limit η → 0. Only
in the case where the field does not effectively realize
the presence of the naked singularity (Dirichlet bound-
ary condition) we have zero contribution in Minkowski
limit. In this case, the fluctuations are purely topologi-
cal. When nontrivial interactions are taken into account,
an analytic contribution arises. Such results stand for a
range of positive values of ξ much smaller than a char-
acteristic scale 1/η2. For negative values of ξ, the sin-
gularity may be perceived by non-spherically symmetric
modes (ℓ = 1, 2, . . . ) as well, and boundary conditions
might be necessary for them. For instance, such is the cir-
cumstance of the BTZ spacetime, which requires bound-
ary conditions for all modes. However, we leave this case
for further analysis in a future work.
The analytic contribution to the vacuum fluctuations
seems to be originated by the local interaction between
the field and the singularity, having nothing to do with
the topology of spacetime. If nature abhors this behavior
somehow, we have found out a preferred choice for the
boundary conditions, namely the Dirichlet one. Other-
wise, we have to accept such pathological behavior and
try to find evidence in more realistic models, as the ex-
treme Reissner-Norstrom spacetime.
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